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No. XXXIV. 



Investigation of a Theorem, proposed by Dr. Rittenhouse, re- 
specting the Summation of the several Powers of the Sines; 
with its Application to the Problem of a Pendulum vibrating 
in Circular Arcs. By Owen Nutty, Professor of Mathema- 
tics in Dickenson College, Pennsylvania.— 'Communicated 
in a Letter to Dr. R. M. Patterson. — Read, Nov. loth, 
1816. 

Carlisle, Aug. 12th, 1816. 
Dear Sir, 

IN the third volume of the Transactions of the Ameri- 
can Philosophical Society, Dr. Rittenhouse mentions, in a 
letter addressed to your father, that he had discovered a very 
elegant theorem for determining the times of vibration of a 
pendulum in given arcs of a circle, and that it depended on 
another respecting the summation of the several powers of 
the sines to a given radius. The first of these theorems has 
never, I believe, been communicated to the public ; but the 
second, which is very remarkable, is announced by Dr. Rit- 
tenhouse in the following terms : " If a fraction, of which the 
denominator is the index of the given power, and the nume- 
rator the same index diminished by unity and multiplied by 
the square of the radius, be multiplied by the sum of the next 
but one lower power of the sines, the product will be the sum 
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of the given power." This curious law, however, was inferred 
merely from a partial process, and Dr. Rittenhouse concludes 
his paper by requesting a demonstration of it. As this sub- 
ject has not been resumed in any of the subsequent volumes 
of the transactions, I have thought the following investigation 
would not be uninteresting to you. 

Let y denote the sine at any point of the quadrantal arc, of 
which the radius is given and represented by a. Then, as 
Dr. Rittenhouse obviously means, by the sum of any power 
of the sines, the sum of all the y's involved to that power, 
we have the sum of the sines truly expressed by the sum of 
all the y% the sum of the squares of the sines by the sum of 
all the y*% the sum of their cubes by the sum of all the tf's, 
and, in general, the sum of their nth powers by the sum of all 
the if's. But, the sum of the y% corresponding to every 
point of the given quadrantal arc, is evidently expressed by 
the integral fydz, dz being an element of that arc; the sum 
of the y 2, s is expressed by the integral ftfdz ; the sum of the 
y z % by the integral ftfdz ; and, in general, the sum of the 
y n, s, by the integral fy n dz; so that the following integrals 

fydZy.Jtfdz, ftfdz, fy»dz, 

or their equals, 
/* a V ty / * flg/% /* aifdz /» ay n dy 

JW^y i )*JW^iJj^¥& Jx^—ifw 

(6z being = j-^ — ^rn,) taken between the limits y=0 and y=a, 

will express the sums of the successive powers of the sines. 
Now, the first of these integrals is evidently =c — a(ct — #*)■£, 

and the second, or its equal l[7^^yf- ^y( a '-f)i]=^ 

arc(sin=t/) — -^(fl? — #*)§+c'; therefore these expressions, taken 
between the limits y=0 and y=a, give the sums of the first 
and second powers of the sine§ =a* and — .arc(=flQ°),respec- 
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lively : the same as found by Dr. Rittenhouse. Again, the 

integrals affected with the third, fifth, seventh wrth 

powers of y, when m is any odd integer whatever, may be 
immediately obtained by the rule for integrating binomials, 
and consequently the sums of the odd powers of the sines 
will be known. And, moreover, the integral affected with 
y* may be found by means of the integral affected with y\ al- 
ready found, and the integral affected with if, by that affected 
with #*, and, in general, the integral affected with yt> by means 
of the integral affected with y^\ p being any even integer what- 
ever; and then, the sums of the even powers of the sines will 
also be known. We might then tabulate the results, both in 
this and the last case, and infer the law observed by Dr. Rit- 
tenhouse. But, as this mode of proceeding appears indirect 
and rather tedious, I think it preferable to find the integral 

J *(a*L%W b y means of the integrai y^_ ^ n being any 

dtp' Ay 
integer whatever. For this purpose, let f ? %> , be decom- 

posed into the factors atf 1 ' 1 and , ,^ , and then, by virtue 
of the formula fxdz=xz—fzdx, we have 

J\££$)i = — ayn ~ l (a *~~ f)i + (n—1) /«r-%-K-r)t = 
-«r-(«-^ + C^)«/«-(n-.)/^, 

and therefore, 

Taking these integrals between the limits y= and y— a, which 
correspond to the extremities of the quadrantal arc, we have, 
after dividing by n, 

ay Ay __ (w — 1 ) a 2 /» ay n ~ 9 Ay 

(aF^ffi = ~~fj W^j% : 
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or, the sum of any power n of the sines is constantly equal to 

ffi _i ) d i 

the fraction - — -< — multiplied by the sum of the («— 2) power. 

ft 

I have now, as I believe, presented a complete solution of 
the problem relating to the sines, and confirmed the truth of 
the law observed by Dr. Rittenhouse. Another desideratum, 
however, still remains; and that is, either to recover, if pos- 
sible, Dr. Rittenhouse's original theorem, for determining the 
times of vibration of a pendulum, in given arcs of a circle, 
or, at least, to show that a connexion may subsist between a 
theorem fulfilling the same object, and that just exhibited for 
the summation of the several powers of the sines. I have 
attempted this, in the following research. 

Let the arc described by a pendulum, when it arrives at a 
vertical passing through the point of suspension, be denoted 
by A Conceive A to be divided into two parts B and 2, 
and suppose B described at the end of the time t. Put 2a= 
the versed sine of A, and x= that of z. Then, the element 
of the space described being equal to the velocity multiplied 
by the element of the time, and the velocity being evidently 
equal to that acquired by falling through 2a — x; that is 
=[2g(2a~x)']*, we have AB, or d(A-z), or-&z=[2g{na-x)¥&t; 

— d# i*d^c 

therefore, &-=--?- v=n; but, d^= F7 - \-=r,,r being the 

[2g(%a — #)]*' ' [(2r — x)xy & 

radius of the arc described; therefore, 

d j = — rdx 

[2g{2a — x)x{%r — x)~$' 

Assume x=a — y, then [(2« — #)#]*=(«* — y*)t, — dx=dy, and 

(3r— x)-*=.(2r — a+y)-i=*(2r — «)-*( 1+ — - — Y^- 
1.3.5 Sw / y \"~I 

JTi^7...(«n+i) \*F=ZJ J ; and > by substitu 

tion, 2jc. 
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J \gj \%r—aj L(« 2 — f)i 2{2r— a) (a 2 — f)i + 

l . 3 ifdy ~] 

2.4(2r— g)* {a*—tf)i~~' '"]• Hence > multiplying and divid- 
ing by a, and integrating, we have 3£=— (— V ( — — V . 

\_J (ar—f)i 2{2r—a)J W^ffi + 2 . 4(2r— a) 2 J W—jf)? 
+ J. Now, all the integrals, after the first, in this ex- 
pression, are obviously the same as those found in the pre- 
ceding investigation for the sums of the sines ; therefore, this 
expression may be said to depend on the theorem respecting 
the summation of the sines ; and thus the connexion of the 
problems in question is manifest. Again, let the preceding 
integrals be taken between the limits y - a and y = — a, 
which correspond to x=0 and x=2a, and we have 

n .i.,rAi 2v Af. . 1.3 i.a 2 , . 

2t=- — (- (arc=«T)+— — _ -.— — .(arc=«T)+ 

a K g) \2r — al L 2.4(2r — af 2 v 

1.3.5.7 1.30 4 , , 1.3.5.7.9.11 

w.— -— .(arc=aT) + 



3.4.6.8(2r — a) 4 ' 3.4 ' v * '2. 4.6.8. 10. 12(2r — a) 6 ' 

1 . 3 . 5 . a 6 



3.4.6 



. (arc=«^r) + J = , when A is put = \^r~) , 

\gl L 3 2 .4 \2r—a) 3 y .4 2 .6.8 \»r — J + 

i 2 .3 2 .5 2 .7.9.11.^ / « \ 6 "1 . ,. + , 

-^ — o „v ~ 77. I ) +..... ; or, denoting the 

2 \4 2 . 6 2 . 8.10. 13 \2V — al J 

second term within the brackets by B; the third term by C; 

the fourth term by D; 65c, and transforming, 

/r\T. 1.3. .4/ a \ 2 5.7--B / a \ 2 9 . 11 . C 



Sfr 



12 2 



(alr^a) + ' an ex P ress i° n by which the times of vibra- 
tion may be determined, and which may, very probably, be 
the lost theorem alluded to by Dr. Rittenhouse. 
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This elegant formula is entirely new to me. I consider it 
far superior to the formula, n I— J l +(l) 2 — + f j^-g) — 5+ 

f ' * J -3- + , usually given for the same purpose 

by writers on mechanics. It converges with great rapidity? 
when a is small in respect to r ; and the following calculations 
show, that, even in the extreme case of 2«=r, or of the pen- 
dulum's moving from a horizontal position and describing a 
semicircle, the sum of six of its terms is more exact than the 
sum of fifteen terms of the formula just inserted, and con- 
tinued to the same number of decimal places. 

By the ordinary formula. 



By the formula just investigated. 
S^=5r(— ) I 1.1547005 %U 
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==»(— ) 2 (1.1803402), 

true to the sixth decimal place. 
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.0000014 1 



■r\i 



= "■(—) (1.1803386). 



Believe me, dear sir, with sincere 
respect and esteem, your 
obedient servant, 

OWEN NULTY. 



